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comprises up to the end of burning time (depleted shutdown 
condition). A second order curve is fitted from the initial 
time to the final insertion time; this curve represents the 
programmed angle for this phase.

Insertion condition

At this time all parameters should comply with the insertion 
accuracy requirements. The flight path angle at this time should 
approach zero degrees and within the boundary conditions, ϑf≈0, 
the programmed angle of attack is constrained to approach zero 
αf≈0, the orbital velocity should be Vf=7560 m/s corresponding 
to hf=600 km altitude, and the normal and axial acceleration 
should be less than its allowable maximum values. 

Orbit insertion profile formulation
The variation of the flight path angle during insertion 

flight has substantial influence on the injection accuracy 
in orbit, acceleration loads, and final orbital velocity. It 
is influenced by a programmed angle of attack. Figure 3 
explains the insertion maneuver, and the angle of attack is 
programmed using the following relations (He Linshu, 2004a; 
He Linshu, 2004b; Xiao, 2001):
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where, αmax is the maximum angle of attack, αprog (t) is the 
programmed angle of attack, km  is the insertion maneuver 
variable, t is time of flight, tm is time corresponding to maximum 
angle of attack, t1 is time of start of insertion maneuver, and t2 is 
insertion time, coincident in value with the KSRM burning time tb. 

DESIGN OPTIMIZATION PROBLEM

Objective function
For the present research effort, the objective is to minimize 

the KSRM mass mKSRM. The mathematical description of the 
objective function is as follows:

 )(min XfmKSRM = 	 (43)
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where, X is the set of variables, Xlb is lower bound of variables 
and Xub is the upper bound of variables. 

Design variables
The variables considered in the KSRM design and the 

insertion maneuver trajectory can be represented in Eq. (47) 
and listed in Table 2.

 ],,,,,,,,,[ max mvgnsecmm kukppDLX ���� 	 (47)

Table 2. Design variables.

Variables Symbol Units

X1 Rocket motor cylindrical length Lm m

X2 Rocket motor diameter Dm m

X3 Chamber pressure pc  Pa

X4 Nozzle exit pressure pe  Pa

X5 Coefficient of grain shape ks  

X6 Grain burning rate u  m/s

X7 Grain density pgn  kg/m3

X8 Grain volumetric loading ηv  

X9 Maximum angle of attack αmax  deg

X10 Insertion maneuver variable km

Figure 3. Programmed angle of attack variation.
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Design constraints
To prevent the failure of the upper stage, KSRM and PDM, 

several constraints were selected, and are listed in Table 3.

Design sequence
This section describes a step-by-step sequence for 

multidisciplinary design of the KSRM as follows:

OPTIMIZATION RESULT

The optimization results show that the optimized 
KSRM as well as the upper stage insertion trajectory 

profile successfully reached the objective function. The 
optimized values of design variables were obtained, and 
these variables did not violate the considered design 
constraints. Table 4 shows the lower bound, upper bound, 
and optimized values of the design variables. 

There are several parameters that characterize 
the KSRM; however, only the most important were 
calculated from the optimized design variables and are 
presented in Table 5. 

Table 4. Optimum values of variables.

Variables Lower 
Bound

Upper 
Bound

Optimized 
Value

Lm m 0.65 0.90 0.8141

Dm m 0.65 0.90 0.8140

pc Pa 60e5 70e5 65.901e5

pe Pa 0.05e5 0.20e5 0.0581e5

ks 1.50 1.90 1.5050

u m/s 6.5e-3 8.5e-3 6.651e-3

ρgn kg/m3 1725 1735 1727.01

ηv 0.80 0.86 0.8176

αmax deg 7.5 9.0 8.3601

km 0.28 0.45 0.3222

Table 3. Design constraints.

Constraints Value Units

C1 Orbit insertion velocity Vf=7560±1 m/s

C2 Final altitude hf=600±0.1 km

C3 Axial overload nx ≤ 12

C4 Normal overload ny ≤ 2

C5 Maximum angle of attack αmax ≤ 10 deg

C6 Orbit insertion angle ϑf=0±0.02 deg

C7 Fineness grain ratio λgn ≤ 2

C8 Nozzle exit diameter de ≤ 0.95 Dm m

C9 KSRM total length  
(including nozzle) 

LKSRM ≤ 1.8 m

C10 Burning time tb ≤ 50 s

C11 Nozzle expansion ratio ε ≤ 80

Step Procedure Reference

1 Define initial variables  Χ Eq. 47 

2 Define constraints C Table 3 

3 Calculate grain mass 
 2

gngnsgnbgngn DkuSum λρρ ==
. Eq. 2

4 Calculate burning time tb Eq. 3

5 Calculate mass flow 
 2

gngnsgnbgngn DkuSum λρρ ==
. Eq. 4

6 Calculate throat area At Eqs. 6 – 9

7 Calculate specific impulse I vac
sp Eq. 10

8 Calculate thrust T Eq. 11

9 Calculate KSRM mass mKSRM Eqs. 13 – 33

10 Set constant values mpdm, mpAY Mission

11 Calculate upper stage mass m0 Eq. 12

12 Trajectory conditions 
0000 ,,, αϑhV

Orbit Insertion 
Profile Sequence

13 Calculate αprog (t) Eqs. 40 – 42

14 Calculate ρ(h) Eq. 37

15 Calculate g(h) Eq. 38

16 Calculate  V(t), ϑ(t), h(t), l(t), Eq. 34

17 Calculate overloads nx, ny Eqs. 35, 36

18 Calculate final values  Vf, hf, ϑf Eq. 34

19 Check constraints Table 3

20 Back to step 1
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Figure 4. Insertion trajectory profile of the upper stage.

Table 5. KSRM optimum values.

Parameter Symbol Unit Optimized 
Value

Upper stage mass m0 kg 1061.81

Rocket motor mass mKSRM kg 761.816

Grain mass mgn kg 679.358

Structural mass mst kg 82.488

Burning time tb s 45.677

Specific impulsevac I vac
sp N.s/kg 2544.12

KSRM total length LKSRM m 1.733

Nozzle throat diameter dt m 0.062

Nozzle exit diameter  de m 0.5409

Nozzle expansion ratio ε 76.13

Figures 4 and 5 illustrate the optimized insertion 
trajectory profile of the upper stage. From Fig. 4 it can be 
seen that the burning time of the KSRM is 45.67 seconds, 
the end of burning time shows coincidence with the 
required insertion parameters. Additionally, the figures 
evidenced that the payload is inserted at the required 
altitude of 600 km and the obtained circular orbital 
velocity is 7560 m/s. The insertion flight path angle 
is within the required accuracy, whereas the axial and 
normal overloads were maintained within the constraints 
limits.

Sensitivity analysis 
Monte Carlo analysis is widely used in system and 

early stage of design. It provides a relatively accurate 
statistical evaluation of the response distribution under 
input uncertainties. Monte Carlo sensitivity analyses 
of the main KSRM parameters were conducted to 
investigate the effect of uncertainties of design variables 
over the expected result. For this analysis, a ±1% error 
was added to every optimized value of design variables. 
The results are presented in Table 6, and the scatter plot 
is shown in Fig. 6.

The GA optimization method considered successfully 
reached the optimal solution, a population of 100 with 
200 generation was sufficient to perform the present 
study; however, several trials had been carried out to 
obtain the desired accuracy of the optimal solution.
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Figure 6. Monte Carlo sensitivity analysis.
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Figure 5. Flight parameters of the upper stage.
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CONCLUSION

A GA based optimization approach has been applied 
to conceptual design and optimization of a KSRM. The 
advantage of the GA relied on its independency of initial 
point to calculate the optimum. A 2D dynamic model was 
developed to simulate the orbital insertion trajectory of the 
upper stage composed of the PDM of 100 kg, the optimized 
a payload of 200 kg. A sensitivity analysis was conducted using 
Monte Carlo method to investigate the variation of the main 
parameters of the KSRM. The emphasis of this research was to 
find the optimal KSRM design and the upper stage insertion 

trajectory profile characteristics required for insertion a small 
payload into a circular LEO orbit of 600 km. 

The results of the KSRM parameters are shown in 
Tables  4 and 5 and its insertion trajectory profile is shown 
in Figs. 4 and 5, and Monte Carlo sensitivity analysis shown in 
Fig. 6 evidenced the validity of the used approach for the early 
stage of the design process.
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